ON SOME DEFINITE INTEGRALS INVOLVING THE HURWITZ 

ZETA FUNCTION 
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Abstract. We establish a series of integral formulae involving the Hurwitz 
zeta function. Applications are given to integrals of Bernoulli polynomials, 
logr((j) and logsin(g). 



1. Introduction 
The Hurwitz zeta function, defined by 

oo 

for z G C and q 0, —1, —2, • • • , is one of the fundamental transcendental func- 
tions. The series converges for Re(z) > 1 so that ({z, q) is an analytic function of 
z in this region. The integral representation 

1 f°° 



(1.2) c(.,.) = Y^.^'^'^^^ 

where r(z) is Euler's gamma function, is valid for Re(z) > 1 and Rc((7) > 0, and 
can be used to show that C(z, q) admits an analytic extension to the whole complex 
plane except for a simple pole at z = 1. In most of the examples discussed here 
we consider only the range < g < 1. Special cases of q) include the Riemann 
zeta function 

(1-3) C(z,i) - CW-E;Jr 

n=l 

and 

oo -J 

(1-4) a^^h) = '''11ty^ = ^'''-^)^^^)- 



n=0 



The function ^{z,q) admits several integral representations in addition to (1.2). 
For example, Hermite proved 

r\ A/ N 1 1 1-z n 1-z f°° sin(ztan^i i)o?i 
(1.5) C{z,q) = -q ^ + -q^ ^ + 2q^ ' ^ ' 



2^ z-r ^ 7o (1 + t2)^/2 (62^^*9 - 1)' 

which is valid for q > and z 7^ 1. In fact, (^]^) is an explicit representation of the 
analytic continuation of (1.1) to C — {1}. 
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Among the many places in which q) appears we mention the evaluation by 
Kolbig [15| of integrals of the form 



(1.6) Rjn{lJ.,v) 

an example of which is 



(1.7) R2{p,u) - ^i-''T{v)\{i,{v)~\n^lY ■ 
Here 

(1.8) i,{x) = r'(a;)/r(x) 

is the logarithmic derivative of r(x), also called the digamma function. 

The Hurwitz zeta function also plays a role in Vardi's evaluations p( 



(1.9) 

and ^ 
(1.10) 

as 

(1.11) 



r/2 



log log tan xdx 



/7r/4 

of Kinkelin's constant 



TT /r(3/4K/2^ 

2 I r(i/4) , 



in^ 



lim 

k — ^oo 



lo2 



ln(1^2 



^'■'-2 ' fc+l)lnfc+*L 



In^ = exp(^-C'(-l)). 



Yue and Williams |29, ^ established the integral representation 

sin(7rz/2 + 27rg) - sin(7rz/2) 



(1.12) Q{z,q) 



2(27r) 



e^^ — 2e^ cos 27rq + 1 



X ^dx 



and used it to evaluate definite integrals, ( |1.9| ) among them. For example, for 
< a < 1, they obtain 



e ^ In a; da; 



2e~^ cos 27ra + 1 



2 sin 27ra 



In 



r(i-a) 

(27r)2'^-ir(a) 



Integrals involving the Hurwitz zeta function also appear in problems dealing 
with distributions of {nx} for a; ^ Q and n e N, where {x} denotes the fractional 
part of X. In this context Mikolas l20| established the identity 



(1.13) 



zAaq})C{l-z,{hq})dq = 2T\z)^^ (^^^ 



for a, 5 G N. Here (a, b) is the greatest common divisor of a and 6 and [a, 6] is their 
least common multiple. 



The Hurwitz zeta function also plays a role in the evaluation of functional deter- 
minants that appear in mathematical physics. See [ pT| for a miscellaneous list of 
physical examples. The Hurwitz zeta function has also recently appeared in con- 
nection with the problem of a gas of non-interacting electrons in the background 
of a uniform magnetic field ||l3. For instance, it is shown there that the density 
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of states g{E), in terms of which aU thermodynamic functions are to be computed, 
can be written as 

where V stands for volume, B for magnetic field, M is the electron mass, and 

(1.15) h,/2{q) C(i W) - ah 9 + 1) - 

As before, {q} in ( 1.15| ) denotes the fractional part of q. 
General information about C{z,q) appears in |^ and ||27|] . 

In this paper we derive a series of formulae for definite integrals containing 
C,{z, q) in the integrand. A search of the standard tables of integrals reveals very 
few examples in [|2] and none in |l^. For instance, in |Q, section 1.2.1 we find 
the indefinite integral 

(1.16) j a^,q)dq = ^C(2-l,<7), 
which is an elementary consequence of 

(1.17) ^C(2-l,<7) - (l-z)C(z,g). 



Section 2.3.1 of |22 gives two definite integrals: 

q'^~^Q{z,a + hq)dq = 6^"i?(Q:, z — q)C(z — q, a) 
for a, 6 G ]R+, < Rc(a) < Re(z) - 1; and 

q""^^ [C,{z,q) - q^^-]dq = B{a, z - a)C,{z ~ a) 



for < Re(Q;) < Re(2:) — 1, where B{x, y) is the beta function. The second integral 
is actually a special case of the first with a — h = 1. The only other example in 



22| is the evaluation of one of the Fourier coefficients of C,{z, q) in section 2.3.1: 

(1.18) J\mi2nq)az,q)dq ^ Ml esc (^) 
for 1 < Re(z) < 2. 

The tables ^ do contain many examples involving the special case 

(1.19) Cii ~rn,q) - --S,„(g) 

TO 

for m G N, q £ M.q , where Bm{q) are the Bernoulli polynomials defined by their 
generating function 

f qt °o j-m 

(1.20) 4^ = 

e — 1 — ' to! 

m— 

for \t\ < 2tt. These polynomials can be expressed as 

(1.21) B,^{q) = E U P^'^""' 



k=0 
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in terms of the Bernoulli numbers _B„j — Bm{0)- The latter are rational numbers; 
for example, Bq — 1, Bi ^ ^1/2, and, B2 — 1/6. The Bernoulli numbers of odd 
index -B2m+i vanish for m > 1, and those with even index satisfy (— 1)™~''^-B2m > 0. 



The relation (1.21) can be inverted to produce 

n + 1 



(1.22) 



— E 



3 



and since Bj{l — q) = {—ly Bj{q), we also have 

1 " 



(1.23) 
For example 



, fn + r. 



Bo((?)-i, Bi(q) = q-i, BM = q^-q + l 



yield 



l = So(g), (7 = Si(q) + iBo(g), q^ = B2{q)+B^(q)+'^B^{q). 

The results presented here are consequences of the Fourier expansion of C(z, q): 
(1.24) 

2r(l — z) I /TTZX cos(27rgn) /""^X sa\{2T:qn) \ 



C(^,9) 



(27r)i 



7rz\ ■r-^ cos(27rgn) 

n— 1 n— 1 



This expansion, valid for Re(z ) < and < (7 < 1, is due to Hurwitz and is derived 
in page 268. A proof of ( 1.24 ) based upon the representation!^ 



(1.25) a^.q) 
appears in The result 
(1.26) 



[a;J — a; + i 
-<i {x + qY+^ 



dx 



Ciz,q)dq 



0, 



valid for Re(z) < 0, follows directly from the representation ( 1.24 ). Although the 
Fourier expansion is derived strictly for Re(z) < 0, it also holds for the boundary 
value z = 0. We shall thus simply take z G Mq" in most of the formulae presented 
below. 



Our goal is to employ the representation ( 1.24 ) to evaluate definite integrals 
containing ^(z, q) in the integrand. These evaluations can be seen as examples of 
the Hurwitz transform defined by 



(1.27) 



m - 



I{q)C,{z,q)dq. 



^ \x\ is the floor of x. 
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Properties of and its uses will be discussed elsewhere. The relation (1.19) between 
Bernoulli polynomials and the Hurwitz zeta function yields, for each evaluation of 
the Hurwitz transform, an explicit formula for an integral of the type 



(1.28) 



Jo 



{q)dq, 



and by (1.22) the evaluation of the moments of the function / 



(1.29) 



We have attempted to evaluate symbolically, using Mathematica 4.0 and/or 
Maple V, each of the examples presented here. The few cases in which this at- 



tempt was successful are so 


indicated 






The relations 










(1.30) 


C(2n) 




2(2n)! 


n e No, 


(1.31) 


C(l-n) 




ri+l f> 

neN, 

n 




(1.32) 


C{-2n) 


= (-1) 


„(2n)!C(2n + l) 
2 (27r)2" ' 


neN, 


(1.33) 


C'(0) 


= -In 


V2^, 





and Riemann's functional equation 

(1.34) C(l-.^) = 

(1.35) = 2 cos 



C(5)(2^)i 



2r(l - s)sin(7rs/2) 
\ 2 J {2ny 



will b e used to simplify the integrals discussed below. The form ( 1.35| ) follows from 
( 1.34 ) by use of the reflection formula 

(1.36) T(x)T(l~x) = 

Sm TTX 

for the gamma function. The basic relation between the beta and gamma functions, 

T{x)T{y) 



(1.37) 



T{x + y) 



will also be employed throughout. 



2. The Fourier expansion of Ciz^q)- 

In this section we employ the Fourier expansion ( |l.24[ ) for C,{z, q) to evaluate 
definite integrals of the form 

(2.1) i0(/) [' f{q)az,q)dq. 

Jo 

The expansion is valid for z < 0. Section |l^ discusses the extension of some of 
these evaluations to the case z > 0. 
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We first record the Fourier coeiEcients of Q{z, q). These can be read directiy from 



(1.24). 



Proposition 2.1. The Fourier coefficients of C(2;, q) are given by 

(2.2) sm{2kTrq)C{z,q)dq - 4r(z) ^'HtJ 
and 

(2.3) cos(2fc7rg)C(z,g)dg = ^_L__sec j . 



Proof. The orthogonality of the trigonometric functions and ( 1.24 ) yield 

(2.4) f^M2k.q)az,,)dq ^ gJ^COs(f). 



Now use the reflection formula ( 1.36| ) to obtain ( |2.2| ). The calculation of (2.3) is 



similar. □ 

The theorem below reduces the evaluation of an integral of the type considered 
here to the evaluation of a Dirichlet series formed with the Fourier coefficients of 
the integrand. The remainder of the paper are applications of this result. 

Theorem 2.2. Let /(w, q) be defined for q £ [0, 1] and a parameter w. Let 

oo 

(2.5) /(w, q) — ao{w) + a„(w) cos(27rgn) + 5„(w) sin(27rgri) 

n=l 

be its Fourier expansion, so that 

(2.6) dniw) — 21 f(w,q)cos(2TTqn)dq, n>0, 

Jo 

(2.7) bn{w) = 2/ f{w,q)sm{2Trqn)dq, n > 1. 

Jo 

Then, for zeR^, 
(2.8) 

/■\. ^, r(l-z)/. /7rz\ ^ a„(u;) /7rz\ ^ 6„(m;) \ 

I 9)C(^, 'Z)d'Z = ^sm (- j E ^ + (t j g ^ j 



and 



(2.9) 

N N , r(l — z) I /TTZN an(w) /TTZX 

X ^ - ^)^'^ - (k)!^ (t) E ^ - - ( y) 



Proo/. Multiply (^ by C(^,9), integrate over [0,1], and apply (|2J) and (|2J) to 



give (2.8). Observe that the integral of C(^:9) over [0,1] vanishes, so there is no 



contribution from ao(w). The second result follows from the fact that the Fourier 



expansion of C(z, 1 ~ q) differs from that of C(z, q) given in (1.24) only in the sign 



of the last term. □ 
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3. Product of two zeta and related functions 

In this section we evaluate integrals with integrands consisting of products of 
two Hurwitz zeta functions. Classical relations for the Bernoulli polynomials are 
obtained as corollaries. 



Theorem 3.1. Let z, z' e ] 

(3.1) / C(^',g)C(z,<7)rf(7 
Jo 

(3.2) 

Similarly, 
(3.3) 



7. Then 

2r(l - z)r(l - z') 



{2n) 



2-z~z' 



C(2 -.-.') COS (^^) 



C{z',q)C{z, 1 - q)dq = - 



-c(z+z--i)i.(i-z,i-zo ^"ti^T^:;;^; . 

cos(7r(z + z')/2) 



(3.4) 



(27r)2-^-^' 
= C{z + z' - 1)B{1 - z,l - z') 



Proof. The expansion ( 1.24 ) shows that the coefficients of Ci^' , l) are given by 

2r(l - z') sin(7rz72) 1 



(27r)i-^' 



,1-2' 



2r(l - z') cos(7rz72) 1 
(27r)i-^' ~ 



Theorem 2.2 then yields (3J). Now use R iem ann's relation ( 1.34 ) for the ^-function 
to obtain (3.S). The proofs of (3.3) and (3.4) are similar. 



Example 3.2. Let z e Mq ■ Then 



□ 



(3.5) 

and 

(3.6) 



C{z, q)dq = 2T\l - z){2t:Y^~X{2 - 2z) 



C(z, q)C,{z, 1 - q)dq = -2T\l - z)(27r)^^-2C(2 - 2z) cos(7rz) 



Proof. Let z = z' in (3.1) and (3.3). 



□ 



Example 3.3. Let m e Nq. Then 
(3.7) 



Jo 



t2m\ 
Km/ 



Proof. For m > 1 let z = 1 — m in (3.£). The case m = is direct 



□ 
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Example 3.4. Let m e N. Then 



. . ,^9. 1 ^ / (2m)! \^ C(2to+ 1) 

(3.8) / e{-m+^,q)dq = M ^ \ '^^ > 







Proof. Let z = —m + i in (3.5) and use 



r(m + i) = 

In particular, for z = — ^ (m = 1) we obtain 



(3.9) 

Note. The integral 

/ Ci-m + lq)dq 
Jo 

is a rational multiple of C(2m + l)/7r^™. 



22™™!/ (27r)2™ 

V^(2m)! 
22™ m! 

C(3) 



□ 



The next two examples present special cases of (3.2) that involve integrals of 
Bernoulli polynomials. 

Example 3.5. Let z e Rp and m e N. Then 

(3.10) f' B,r.{q)C{z,q)dq = (-1)"'+^ "'.'f " 
Jo ~ Zjm 

where {z)k '■— z{z + l)(z + 2) • • • (z + fc — 1) is the Pochhammer symbol. 
Proof. Let z' = 1 — m in ( ^^ ) to produce 

(3.11) / B,n{q)C{z,q)dq = (-1)"+! m 5(1 - z, m)C(z - m). 

The result then follows from B{1 — z, m) = (m — 1)!/(1 — z)m. □ 
The next formula appears as 2.4.2.2 in p^. 



Example 3.6. Let n, m e N. Then 

_ Brn+n if m + n is cveu, 

if m + n is odd. 



(3.12) / B„-,{q)Bn{q)dq = ll 
Jo 



The case m = n confirms (3.7) 



Proof. Let z = l-n e -Nq in ( ^.1C| ) to obtain 

(-l)™nTO!C(l-n-m) 
/ B,n{q)Bn{q)dq = ^ ^ 

Jo 



{n)r 



{—l)™m\n\(^{n + m) ^ fTT{m + n)^ 
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using (1.35). The vanishing for n + m odd is clear, and for n + m even the result 
follows from (1.30). 

□ 



Note. We can write (3.12) more simply as 



B,n{q)Bniq)dq = (-1) 



m+1 Bm+n 



recalling that = for odd k > 1. 

We now establish a formula for the moments of C(z, g). 



Theorem 3.7. The moments of the Hurwitz zeta function are given by 

Jo „_i 



(3.13) 



- (z-j),(n-j + l)! 



(l-z),(n-j + l)!- 



Proof. We prove (3.13) by induction. The case n = 1 follows from (3.1C) and the 
vanishing of the integral of C{z, q). For n > 1, integration by parts yields 



J\"+H{z,q)dq = -l-^\"+lA^(z-l,g)dg 



C(z-l) (n+1)! 



n+l 



1 - Z 



'-^ '^J- 

1 - z ^ 



C(z-fc) 



fe=2 



(z-fc)fe_i(n-fc + 2)!' 



where we have used ( 3.15 ) for power n. The final form is obtained from the identity 

(1 - z) X (z - k)k-i = -{z - k)k. 

□ 



A direct proof of (3.13) can be given using the expansion of q" in terms of Bernoulli 
polynomials given in ( p^ ) and the evaluation ( |3.10D : 



q''az,q)dq = ^ ^ T + ^ ) Z B,{q)az.q)dq 
" + V ] / Jo 



Noting the similitude between ( 1.22 ) and ( 1.23| ) , the proof above can be imitated 
to give 



Example 3.8. For n G N, 

r-l 



(3.14) 



{l~qraz,q)dq = -nl^. ^ 



^ (l-z),(n-j + l)! 
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The special case z e —No in Theorem 3.7 yields the moments of the Bernoulli 
polynomials. 



Example 3.9. Let ?i,m e N. Then 



(3.15) 



»1 , n 1'"+^) 



(n + l + m)! 



Proof. Apply (1.19) to write 



-m / q^C,{l — m,q)dq 
Jo 



(-ir«t(-iF"^ 



n+1 



m j! 



using (1.30) to go from the second to the third line. The final form follows from 
the identity 



m + j {m)j 

X 1 — 



m 



J'- 



m + j 
j 



□ 



Note. The results ( 3.1Cl| ) and ( 3.13 ) are special cases of the indefinite integrals 

m+l 



n / N^/ , ixfc+i5m+i-fe('z)C(z- 

Bm{q)C{z,q)dq ml 2^(-l) ^ -7^ 

k=l 



(l-z)fe(TO+l-fc)! 



/n+1 
fc=i ^ 



2;)fc(n + 1 - /c)! 



discussed in 



4. The exponential function 

In this section we evaluate the Hurwitz transform of the exponential function. 
The result is expressed in terms of the transcendental function 



(4.1) 



F{x,z) J2c{n + 2- z)x'\ for |a;| < 1. 



Example 4.1. Let z e Mp and |t| < 1. Then 



(4.2) 



^27rtq^f^ „AJ„ _ o/l „27rt^ ^(1 z) 



e^'''X{z,q)dq = 2(1 ~ 



(27r)2 



X Re 



^/2i^(^^, 
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where F[x, z) is given in (}4.l|) 



Proof. The generating function for the BcrnouUi polynomials (1.20) yields 
so that 



f 1 ^ I 

e — 1 v-^ t 



t 



^ y^n r 1 

/ 5n(g)C(^,g)dg. 



Since Bo{q) — 1 and Ci^iQ) integrates to 0, the above sum effectively starts at 
n = 1 . Thus ( 3.11 ) gives 



alt 



az,q)dq = (e*~l)^(-l)»-B(l-z,n+l)C(z-n-l) 



n=0 



which can be written as 



e''az,q)dq 



2(e* - l)r(l - z) 



{2n) 



2-2 



n=0 



27r/ ' \ 2 



using (loll ) and (|L37j) . Now replace t by 27rt and use the evaluation cos(7r(z — 
n)/2) = Re(e^^(^-")/2) ^ Re((-i)"e*'^^/2) yjg^ ^j^g gj^^j ^.^g^^^^ 

□ 



The next example results from z e — Nq in (4.2). It appears in |Q: 2.4.1.4.|^ 



Example 4.2. Let m e N and \t\ < 1. Then 



LfJ 



1 - TTi coth(7ri) - 2 ^ (-l)'^C(2r)t2'' 



Proof. We discuss the case m = 2fc + 1; the case of m even is similar. Let z — 
1 - m = -2fc in (O). Then 



Re 



e"^/2F(it,2)j = (-l)'=Re[i^(ii,-2A;)] 

CO 

= (~l)'=^C(2r + 2 + 2fc)(-l)'-t 



2r 



2fc+2 



where we have employed the identity 



1 nt 

2 ~ y 



coth 7rt-^(-l)'^C(2r)i^'' 



(4.4) 



coth Tra; 



1 



TTX TTX 



The factor ml in (4.3) is missing in |23 
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that appears in Q, 3:14:5. 

□ 



5. The logsine function 

This section contains examples involving the function ln(sin7rg). The standard 
tables |l^ and contain very few examples of this type. See sections 4.224 and 
4.322. Some of the evaluations presented here are computable by Mathematica 4.0. 

Example 5.1. Let z e Mg". Then 

(5.1) y"ln(sin^g)C(z,g)rfg = "^^^ ( y) C(2 - ^) 

^ - ' 2C(l-z) ' 



where the second result follows from ( p.l\j when z 7^ by use of (1.34) 
Proof. The Fourier coefficients of ln(sin7r(7) are 

/ ln(sin7r(7) sin(2n7rg)(i(j — 
Jo 



and 



/ ln(sin7rg) cos(2n7rq')d(7 = 
"'0 



- In 2 if n = 0, 
-2k if^i>0. 



These appear in mj 4.384. Thus (M) follows from Theorem 2.2 



□ 



Example 5.2. Let m G N. Then 



(5.3) / ln{sm nq) Bm{q)dq 
Jo 

Proof. Let z = l — to€E— Ngin (|5.2|) giving 



(-l)"/2(27r)-'"m!C(m + 1) if m is even, 
if TO is odd. 



I , / V „ / ^ , toC(1 — to)C(1 + to) 
5.4 / In sinvrg i?™ q = ^. 



Now use (1.35) to obtain the result. 



□ 



Note. The integral 

(5.5) / \TL{s\TL'Kq) B2m{q)dq 

Jo 

is a rational multiple of ({2m + l)/7r^™. 



The next example evaluates the moments of ln(sin7rq). 



HURWITZ ZETA FUNCTION 



Example 5.3. Let n G Nq. Then 



(5.6) 



ln(sin TTq)dq 



In 2 



111 



(-l)feC(2fc + l) 
n+1 ' (27r)2'=(n+l-2A;)!" 



Proof. Using (1.22) we have 



/ (?"hi(sin7rg)d(7 = — TT XI ( ■ ) / ln(sm7rq) Bj (q)dg. 
Jo n + 1 \ 3 J Jo 



The resuh now follows by (5.3) and the classical value 



(5.7) 



ln(sin Trq)dq 



In 2. 



An elementary evaluation of (5.7) appears in 



Note. The integral 
(5.8) 



In (sin Trq)dq 



is a rational linear combination of In 2 and {C(2fc + l)/7r : 1 < fc < [§J} 



The first few cases are 



(5.9) 



g ln(sin7rg)(i(7 = —-In 2, 



/ q^ ln(sin7rg)(i(7 
Jo 

/ q^ ln(sin7rg)(i(7 

"'0 



-iln2-% 

3 27r2 ' 

-iln2-^. 

4 47r2 ■ 



4w . 1, . C(3) ^3C(5) 

These evaluations can be confirmed by Mathematica 4.0. 



6. The loggamma function 

This section contains evaluations involving the function Inr(q). None of 
examples presented here were computable by a symbolic language. 



Example 6.1. Let z G M^. Then 
(6.1) f\nr(q)C(z,q)dq = ^^^-^({2 ^ z) 







(2^) 



.sin(^)+2cos(^) A 



Ci2-z) ' 
C(2-z), 
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-2-(c(z)r(i-z)) 



z=0 



where 

(6.2) A := 21n\/2^ + 7 

and 7 is Euler's constant. 

Proof. The Fourier coefficients of lnr((7) appear in |jT^ 6.443. f and 6.443.3 as 



(6.3) 

(6.4) 
Thus 



/ lnr((7) sni{2Tmq)dq = 
Jo 



\nT{q) cos{2Tmq)dq 



an = and b„ 

2n 



27rn 



f 



n e N. 



4n 

A + h\n 
nn ' 



-,2-z 



where A is defined in (6.2). The evaluations 

El 1 >/„ N , ^ + Inn 

2;^=2^(2-z) and ^ 

n— 1 n—1 

yield {^). 
Note. The integral 

2 / 7 + 2 In x/27r 
(2n+ 1)2 



= AC(2 - z) - C'(2 - z) 



□ 



^ Inr(g) cos((2n + l)7rg)dq = ;^ ^- 



2E 

fc=2 



In k 



4fc2 - (2n+ 1) 



a companion to (6.4), was evaluated by Kolbig in ||l^. This was recorded as as 
late as in the fourth edition of [n3|. The fifth edition contains the correct value. 



Example 6.2. Let m e N. Then 
(6.5) 



/ B2„((?)lnr(g)d(z = (-1) 
Jo 



(6.6) 



B2m-i{q) lrLT{q)dq 



Bo 



_i(2m)!C(2m + 1) 
2(27r)2™ 

C'(2m) 



-C'(-2™), 



2™ 



C(2to) 



Proof. Replace in (6.1) the variable z by I — 2m and 2 — 2m respectively. Then use 
(1.32) in the first case and ( 1.301 ) in the second. 



An alternative approach. The evaluation in Example |6^ 
by integrating 



□ 



can also be obtained 



(6.7) 

to produce 



dz 



= \nT{q) -\n\/2^ 



z=0 



(6.8) / B^{q)\nr{q)dq^ \nV2^f B„,{q)dq + ^ 
Jo Jo az 



z=0 



Bm{q)Ciz,q)dq. 
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The relation ( |6.7| ) can be found in ||13| 9.533.3. To evaluate ( p.SD differentiate ( p.lOD 
to produce 

r-l 

lnr{q)dq = In V2^5„,,o + (1 - <5,„,o)(-l)"+' [i?mC(-™) + C'(-m)] . 



Here Sm,o is Kronecker's delta and = 1 + 5 
number. Use has been made of the result 



— is the m-th harmonic 



(6.9) 



= -k\Hk. 



z=0 



According to the parity of m we have 
(6.10) 



m = 0, 2, 4,-- - , 

[HmC{-m) + C {-m) m=l, 3,••• 

(for rri = we have used (1.33)). The result ( |6.10 ) for odd m is seen to be equivalent 
to ( |6.6[ ) after use of the identity 

c'(i-2fc) , cm 



(6.11) 



c(i-2fc) cm 



= ln27r + 7- i/2fe-i, keN, 



which can be derived by differentiating Ricmann's relation ( 1.34 ) and evaluating at 
s = 2k. 



Example 6.3. The case m = 1 in (|6.6D yields, using C(2) = tt /6 



(6.12) 



{q-\) \nV{q)dq 



1 /6C'(2) 



12 V TT^ 



The case m = 1 in ( |6.5D gives 

(6.13) / {q^-<I+\) \nT{q)dq 

Jo 



2 In V27r - 7 



C(3) 
47r2 ■ 



Example 6.4. Let n eN. Then 



(6.14) 



ln\/27r 



n + 1 



Proof. Use the expression (1.22) to write 



j\^^\nT{q)dq = -L-j^ ^ J^' \nT{q)B,{q)dq 



n+1 Jo 



hiT{q)dq. 



The value 
(6.15) 



/ \nT{q)dq = ln\/2^ 
^0 
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is then obtained from (6.7) and ( 1.261 ). The result now follows from (6.5) and 
(P). □ 



The formula ( 3.14 ) yields 

/ qh-iT{q)dq = 
Jo 



\nT{q)dq 



q^ liiT{q)dq 



C'(2) C(3)^l, ^ 7 

:^ — H — In V 27r , 

27r2 47r2 6 12' 

C'(2) 3C(3) 3C'(4) 1 /— 37 

— -. In v Zir . 

27r2 87r2 An^ 10 40 



None of these examples could be evaluated symbolically. 



Note. The integral 



g" \nT{q)dq 



is a rational linear combination of 



r (■'(2k) , ,71, C(2A: + 1) , ,n+l,} 



Note. Gosper [|2| presents a series of interesting evaluations of definite integrals 
oflnT{q). For example 

1/2 

lnr(g+ l)fig 



(6.16) 
and 



7 31n\/2^ 13 In 2 3C'(2) 1 
~ ^ 47r2 ^ 2 



.1/4 

(6.17) / \iiT{q+l)dq = 
Jo 

where 



24 



37 7\nV2^ In 2 9C'(2) G 1 
32 ^ 16 2 167r2 ^ 4^ ^ 4' 



(6.18) 



G 



-1)" 



2n+ 1) 



is Catalan's constant. See Section |T2| for an alternative proof of ( |6.16D . 
Note. The results discussed here are special cases of the indefinite integral 

„n+l 



r „n+l 

/g"lnr(g)d<Z = -C'(0)^ 



n+l 



-l-k 



fc=l 



fc!(n + l-fc)! 



U-k,q)- 



k + 1 



Bk+i{q) 



where Hi- is the A:-th harmonic number and 



(6.19) 



U^Kq) ^ 
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These results can be expressed in terms Gosper's negapoly gammas ip-kiq) Il2) in 
view of the relation 



k + 1 



Sfe+i(g) + rC'(0) + A:!^_fc(<7), 



where 



V'-i(g) = Inr(g), 
i^-kiq) = J tp-k+i{q)dq, k>2. 
Details will appear in [|| . 



7. Differentiation results 

In this section we discuss evaluation of certain integrals that appear from ( |3.l| ) 
after differentiation with respect to the parameters z and z'. The special values 
z — and z' ~ produce evaluations containing the loggamma function, in view 
of (|6.7[). In particular, as was pointed out earlier, the result 



(7.1) 



/ \nT{q)dq = \nV2^ 
Jo 



follows directly from (p. 71 ). The integrals considered here complement those con- 
sidered in Section ^. 



Proposition 7.1. For z, z' e Mq we have 

(7.2) /' 4:Ci^, q)C{z', q)dq = - HXi_gI^l_il^(2 -,-,') COS.. 



dz 



i2ny 

C{2~z-z') n 
({2- z- z') 2 



tana; — 2 In vztt + ■0(1 — z) 



where w = tt{z — z')/2 and ip{z) is the digamma function defined in (1.8) 



Proof. Direct differentiation of (3.1). 

In particular, for z = z' = we obtain ( 6.12| ). 



□ 



Example 7.2. Differentiating (3.1) with respect to z and then z' , evaluating at 
z = z' = Q, and using (|6.7]) yields 



(7.3) 



\lnr(q)fdq^^ 



TT 

48 



' 1 1 4 
-7ln v27r + - 



(in V2^^ ' 
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Example 7.3. Differentiating (5.f ) with respect to z and then setting z — Q yields, 
after using (5.7), 

(7.4) 



y lnsin7rglnr((7) = — hi21nv27r — — . 



8. An expression for Catalan's constant 

In his discussion of Entry 17(v) of Chapter 8 of Ramanujan's Notebooks, Berndt 
page 200, introduces the function 

(8.1) G{z,q) := C(2,g)-C(z,l-g) 

and gives its Fourier expansion 

°° sin(27rfcg) 



(8.2) 



G(z,g) = 4r(l-z)cos - 



k=\ 



(27rfc)i- 



This is an immediate consequence of the Fourier expansion (1.24) for C(z,g). 

In terms of Gi^z^ q) we can define an anti-symmetrized Hurwitz transform, 
(8.3) ^aU) ■■= f{w,q)G{z,q)dq. 

It is straightforward to show that for a function f{w,q) with Fourier expansion as 
in Theorem (2.2) one obtains 



(8.4) 



1 r(l - z)cos(7rz/2) 6„(u)) 



f{w,q)G{z,q)dq 



(2^)1- 



„1 — z 



As a particular example we compute the anti-symmetrized Hurwitz transform of 
sec(7r(?) and obtain as a corollary an expression for Catalan's constant. 

Example 8.1. The anti-symmetrized Hurwitz transform of sec(7r(?) is 



1 az ,q)~a^A-q) 

cos{nq) 



dq 







16r(l - z) cos(7rz/2) (-l)"+i y4 (-1) 



1~z 



Proof. In |]J 3.612.5 we find 

'"^ sm{2mTq) 



(8.5) 



cos{TTq) 



dq 



(2^) 



(-i)-^ly 

^ ^ TT^ 2k+l 

fe=0 



k=0 



2k + 1 



A straightforward application of (8^) completes the proof 



□ 



The special case z = Q yields the following result. 



Proposition 8.2. The Catalan constant G, defined in ( 6.1§| ), is given by 

n-l 

. — , I — I I" ' ^ 

(8.6) G 



^ n ^ 2fc + r 

n=l k=0 



HURWITZ ZETA FUNCTION 



19 



Proof. Put z — in example to obtain 



(8.7) 



cos(7rq) 



("1) 



n+l 



n=l fc=0 

The change of variable i = tt ( ^ — then produces 

2 



2fc + 1' 



'g cos(7rg) ^'^ TT^ 
since the second integral equals 2G. 



7r/2 ^ 

sm t TT^ 



□ 



Note. The direct symbolic evaluation of the integral in (8.7) yields 



cos(7r(?) 



dq 



1 

16^ 



32G 



1 1 3 3 
^ ^ 2 2.1 

2 2 2' 



16 In 2 



and thus 
(8.9) 



G ^ 



32 



161n2- 4F3 



1 1 



3 3 



22.1 
2 2 2 ' 



This form of Catalan's constant appears in 7.5.3.120, an d (p.8[ ) is Entry 14 in 
the list of expressions for G compiled by Adamchik in |^ , but ( |8.6| ) does not appear 
there. 



Example 8.3. Let m e Nq. Then 
(8.10) 

(8.11) 



/ ^n t / 1^m+ll6(2m+l)! (-1)"+! (-1) 

sec(7rg)i?2™+i(g)d<z = (-1)'"+^ r9^^2,»+2 E zZ 



(27r)2'«+2 ^ n2™+i ^ 2fc + 1 

^ ' n=l k=0 

^ ^^„ 4(2m + l)! ^ V(n/2 + 1/4) 



(2^; 



2m+2 



-,2m+l 



where the sum extends over n G Z, rt 7^ 0. 



Proof. The value = — 2to in Example yields ( S.IO ). To prove ( 8.11 ) it is 
enough to establish the identity 

^ ■ „2m+l 2fc + 1 4 ^ 

n=l /c=0 

The internal sum in (^.12|) can be written as 



,2m+l 



U3) 



- 7 + 7(-l)" [V^W2 + 1/4) - V("/2 + 3/4)] . 



k=0 



2k + 1 



Logarithmic differentiation of the reflection formula ( 1.36 ) for the gamma function 
yields 

'0(1 — 2;) = ip{x) + IT cotgnx, 
so that, evaluating ata; = l/4— n/2, 

?/'(l/4 + n/2) - 0^(3/4 + n/2) = ?A(l/4 + n/2) - V(l/4 - n/2) - (-l)"7r. 
Thus 



(8.14) 



(-1)* 



1 



fe=0 
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and (S.12) is established. 

□ 



9. Clausen and related functions 

In this section we evaluate the Hurwitz transform of the Clausen functions 
Cln{q)- These functions are defined by 

oo . , 

(9.1) Chnix) := E^iTT' 

fe=i 

and 

oo 



oo , 

(9.2) CWr(x) := J] f^, n>0. 

k=l 

Extensive information about these functions can be found in chapter 4. For 
example, 

Cli(x) = -ln|2sin(x/2)|. 

More generally, one can define the Clausen functions in terms of the polylogarithm 
on the unit circle as 

(9.3) Cl2„(a;) ImLi2„(e'-), 

Cl2„+i(x) := RcLi2„+i(e"), 

where, for \z\ < 1, 

DO 

(9.4) Li„(z):=E|^, neN. 

fe=i 

The Fourier expansion of Li„(z) on the unit circle, 

(9.5) Li„(e--) = f: £^^^+.f:^^^, 0<,<1, 

fe=l k=l 



leads us, in view of Theorem 2.2, to the next example. 



Example 9.1. Let z e . Then 

(9.6) Li„(e2-«^)C(^, q)dq = Ili-l4e'^5'^"^^C(l -z + n). 

As immediate consequences we have the next three examples. 



Example 9.2. Let z e Mg . Then 

(9.7) /'ci2„(2^q)C(z,<z)dg = r(l^z)cos(W2) ^^^_^^^^^ 







(27r)i 

and 

r(l - z)sin(7rz/2) 



(9.8) / CWi(2^g)C(z,g)dg = ' ' ' a2-z + 2n). 



/Q 



HURWITZ ZETA FUNCTION 



21 



Example 9.3. Let m e N. Then 

if m is even, 
r)^™ C(to + 2n) if m is odd, 

and 

if m is odd, 
' C(to + 2n, + 1) if m is even. 



/■I fo 

/ Bm{q) Ghni'^T^ q) dq ^ < m+l 
Jo m!(27r) 

/ B„,{q) Ch„+i{2Trq)dq = \^ ,.^+1 un ^ 



Example 9.4. Let m G N. Then 

(-lp+iC(2n + 2j + l) 



/ g™Cl2„(27rg)dg = m! ^ 

"'0 



^.^^ (m-2j)!(2^)2.+i 



and 



.1 LTJ 
/ g™CWi(2^g)rfg = m! ^ 



I — I 

' (~lp+iC(2n + 2i + l) 
^ (m-2j + l)!(27r)2i ' 



10. A FUNCTION FROM BeRNDT'S WORK ON RAMANUJAN NOTEBOOKS 

In his reinterpretation of Entry 3, Chapter 9 of Ramanujan's Notebooks, Berndt 
0, page 235, introduces the functions 

(10.1) £ '~";:in;^'^ A''^«o. 

n=0 ^ 

The Hurwitz transform of and Cat is expressed in terms of Dirichlet's beta 
function 

(10.3) fi{z) E (2^- + i). =4-[C(^,l/4)-C(^,3/4)]. 

Catalan's constant G is /3(2). Properties of [3{z) can be found in |2^, chapter 3. 

Example 10.1. Let z e . Then 



^ r(l - z)cos(7rz/2) 

(2^ 



(10.4) / S^{2^q)az.q)dq = t^^^^J^^^^^ - z + N), 



(10.5) f CA2^q)az.q)dq = l^L^^^ p[l ^ z + N). 

Jq l^TTj 

Proof. The usual technique yields 

r(i /ON ^ (-1)" 



/ SN{2nqK{z,q)dq - ^ ~ ^ cos(7rz/2) V 

Jo (271-)' fr^, 



(27r)i-^ ' ' (2n + l)i-^+^' 

which is (10.4). The proof of ( 10. 5| ) is similar. 



□ 
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The proof of the next two examples is similar to that of Example 10.1. 
Example 10.2. Let m,N e Nq. Then 
(10.6) 



/ Bm{q)SN{2wq)dq 
Jo 

and 

(10.7) 

/ Bm{q)CN{2TTq)dq 
Jo 



if m is even, 

(_l)(m+l)/2(-27r^-m _^ ^) jf ^ jg ^^^^ 



(_2)W2+i(27r)-"' to! /3(to + N) if m is even, 
if TO is odd. 



Example 10.3. Let m,N €N. Then 

(10.8) / q"'SN{2TTq)dq = to! V (-1) 



i(2A; + l)!/3(2A; + l+iV) 



(TO-2fc)!(27r 



and 



/ q"'CN{2nq)dq = m! ^(-1) 



(2fc)!/?(2fc + iV) 



/o ' ^ ' (m+l-2A:)!(27r)2'=- 



Note. The values of /? at odd integers are given by 

^(^^^ + 1) = ^(^(2) ' 
where E2k are the Euler numbers defined by the generating function 

cosi (2n)! 
n=o ^ 



We thus have 



nnin T ^9 W m!7r^" (-l)''+i(2fc + 1)1 |E2n+2fc 

(10.11) q S,^{2nq)dq=^ g 2^^^ - 2fc)! (2n + 2fc)! 



and 



(10 



12^ To-'r r9^„W„ m!7r^"+i ^ (-1)^+H2fc)!|i?2n+2.| 
12) q C,„+^{2nq) dq = g 2« (to - 2ifc + 1)! (2n + 2fc)! " 
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11. ElSENSTEIN SERIES 

In this section we compute the Hurwitz transform of functions related to the 
Eisenstein series Gkir). 

The Eisenstein series defined by^ 
(11.1) Gfc(r) J2 7 7-^' 

for k > 2 and t G C with Imr > 0, are periodic functions with expansion ( |p3| , 
page 92): 



(11.2) Gfe(r) = 2C(2fc) + 2i-iA-ip^a2,-i(n)e2— 



(2fc - 1) 
where 

(11.3) as{n) := 

These series appear as coefficients in the cubic 

(11.4) = Ax^ ~ 6OG2X ~ UOG3 

that represents the torus C/L, with L = Z © tZ. See ||l^ for details. 



Write T = q + it, with t > and < g < 1. The expansion ( |11.2| ) becomes 



fe/o^^2/c °° 



Gk{q + It) = 2C(2fc) + 2 ^ i^i^!"?, 53 a2fc-i(n)e-2-«*(cos(2^fcg) + i sin(27rfcg)) 

' n=l 

SO the Fourier coefficients of Gk {q + it) are 

(11.5) a„ = 2^-^^^-^^a2fc-i(n)e-2-»* and 6„ = za„. 



We were unable to evaluate the corresponding Dirichlet series arising from (11.5) 
Instead we consider the functions 

(11.6) Gi"H.q) ■■= / e[Gk{q + it)-2a2k)]dt, 

JQ 

where a G R+. We then have the following result. 

Example 11.1. The Hurwitz transform of G^^\q) for a > z + 2fc — 2 is 

(U.7) /'g-(,k(..,)* = 2„- r,„ + i)r(i-., 







sin(7r(a - z)/2) r(2fc)r(3 + a - z - 2k) 

X C(2 + a - z)C(3 + a - z - 2k), 



where z G 



^The sum is over ~ (0, 0). 
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Proof. The Fourier coefficients of G^"''(g) are 

(11.8) «„ = 2r(a+l)H^^:l!^^2^^ and 6„ = *a„. 

[2k — ly. n""""^ 

The main theorem then yields 



1 



2r(a + l)r(l - z)(-l)'=ie— ^ a2k-i{n) 







G, {q)C{z,q)dq = (2fc - l)!(2.)2-.-2.+« I. „ 



2-z + q; 



The last series is identified in page 231, as 

(11.9) XI " C(s)C(s-p), Res > max{l,l + Rep} 



n=l 



which, for 2 — z + a > 2fc, implies (11.7) after using Riemann's relation (1.34). 



□ 



12. Integrals over [0, i] 



In this section we construct some examples of definite integrals over the interval 
[0, 5]. Some of the examples described here are special cases of the indefinite inte- 
gral given at the end of Section ^. 



Example 12.1. Let z e M^^. Then 



(12.1) 



1/2 



Ciz,q)dq 



(12.2) 

Proof. The Fourier expansion 

sin 27r(2n + l)q 



4r(l - z) 
(27r)2-^ 
2(2^-2-1) 



cos 



(^) (l-2-^)C(2-z) 
C(z-l). 



(12.3) 



E 



f ifO<g<i, 



COS 



2n + l 

n—l 

yields, according to (|l 

.1/2 nl 

C{z,q)dq- / C{z-,q)dq 

lO Jl/2 

But the vanishing of the integral of ^(z, q) over [0, 1] can be written as 
r.1/2 .1 

C{z,q)dq+ / C{z,q)dq = 0, 
Jl/2 



4r(l-z) 
7r"(27r 



(^) (l-2-2)C(2-z). 



so (12.1) is proved. The expression (12.2) follows from (12.1) and Riemann's func- 
tional equation for the C-fun ction. Alternatively, (12.2) can be derived directly from 
the indefinite integral ( 1.16 ) and (lA). □ 



Example 12.2. Let to e No. Then 



(12.4) 



1/2 



Bjn{q)dq 



(-1)'"+H2'"+^ - l)grn+l 

2™(to + 1) 
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Proof. For to G N let z = 1 — m in (12.2) and use (1.31). Formula (12.4) can also 
be checked to hold for the case m — 0, using the value i?i = — 1/2. □ 



Theorem 12.3. The integrals 

(12.5) I{z,n) : 
satisfy the recursion relation 

(12.6) Iiz,n) 



1/2 



2«(1 - z) 

Proof. Integrate by parts the identity 



2^"' - 1 ^ n , 

C(z-l)-- /(z-l,n-l). 



1- z 



I{z,n) = 



/ g"_C(z-l,g)d(z 

I- z J„ dq 



and use 
(12.7) 



C(z-ii) = (r-'-mz-i) 



to simplify the boundary terms. 



□ 



Using the result ( |l2.2| ) for I{z, 0), the recursion relation yields the values 
(2^-2)C(z-l) (2--8)C(^-2) 



/(z,l) 
/(z,2) = - 



4(z-l) 4(z-l)(z-2) ' 

(2--2)C(z-l) (2--4)C(z-2) (2--16)C(z-3) 



8(z-l) 4(z-l)(z-2) 4(z-l)(z-2)(z-3)' 

A direct consequence of ( 12.61 ) is the following result. 



Theorem 12.4. For n G No and z G Mq let 



/(z,n) 



1/2 



Then 

n+l 

^ n + 1 





(-l)J(l-2--^)C(; 
(n + l-j)!2"+i--'"(l-^)j 



(-l)J-(l-2--^)C(z-j-) , , ,,„+i^, C(^-n-l) 



+ (-l)"+^n! 



(1-z) 



n+l 



Example 12.5. Let TO,n G N. Then 

(12.8) / q-B„Mdq = ("l)'"r— -^TTi 
Jo (n + TO + 1)! 



n+l 



+™+i 



n + TO + l\ / 1 



El n -f in 
\n+l 



B 



m-\-j 



Proof. Let z = 1 — to in Theorem 12.4 



□ 
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Example 12.6. We can use the result in Theorem 12.4|to give a proof of Gosper's 
formula (6.16). From lnr((7 + 1) = hiq + hiT{q) and (6.7) we obtain 



\nr{q + l)dq = --- — 
2 (2^-2 - 1 



Now use 



1 In 2 In V27r 



d 
dz 



! = "'O 



1/2 



C{z,q)dq. 



d_ 

dz 



z=0 



C(^-i) 



(1-z) 

to evaluate the last term above and produce 

nl/2 



----k'i-i) 

8 24 2^ ^ ^ 



(12.9) 



/ lnr(g + l)dq 
Jo 

Finally, use ( |6.1l| ) to express C'(— 1) as 
(12.10) 



3 131n2 lnV27r 3,,, , 

\ C (-I)- 

8 24 2 2^ ^ ^ 



C'(-l) = ^- ]^(21n%/2^ + 7-l) 



to obtain (3.16). The derivation of (|6.17D will appear in 



13. A TRIGONOMETRIC EXAMPLE 

In this section we compute the Hurwitz transform of powers of sine and cosine. 
Example 13.1. Let z € and n eN. Then 

Example 13.2. Let to, n e Nq. Then 

(13.2) / B2,n+l{q)sm^''{nq)dq-- 
Jo 

and 

(13.3) / B2m{q)sm^"(7^q)dq -- 
Jo 

The proof is a direct consequence of results ( ^.2| ) and ( ^.3| ) for the Fourier coefficients 
of the Hurwitz zeta function, once we expand sin^" {nq) using a formula of Kogan 

(13.4) sin-. = 2t(';)+^E(-l)'^(t)-[2(--fc)-]- 



(-1)'"+1(2to)! ^ (-1) 



22"-i(27r)2™ ^ 

^ ' k=l 



2n 
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Similar formulae exist for other powers of sine and cosine. Indeed, |14[ shows 



COS^" X 



22n I \ f, 

k=Q ^ 

1 /2n^ ^ 



U j cos[2(n-fc)a;], 



fc=0 



cos^"+ix = J-f^p" + l')eos[(2n + l-2fc)x] 



22" ^ V A: 

fc=0 ^ 

which yield 

• 2„+i,o r(l-z) ^ (-1)'= /2n+l 

C0S-+1 (2.,) C(., = 7%=^ sin f ^) V , , \, f , 
and also 

(-1)™+H2m + 1)! ^ (-1)'= /2n + l 



/■ R , , . 2„+v. (-ir+^(2m + l)! ^ 

/ 52^+1 ((z)sm + (2^g)dg ^ 22"f27r)2'n+i 2^ 

/ S2™((7)sin2"+i(27rq)dg = 0, 
Jo 

[\ 2n, (-1)"'+H2m)! ^ 1 / 2n 



(2A: + Ijam+i \ n-k 



r-l 



52m+i(g) cos^"(7rq)dg 0, 



fl 



B,^i,) cos-H-^(2.,)d, . 22»(2.)2^-. g (2fcTI)^ U - . 



/ B2m+l(g)cOs2"+l(2^q)dg = 0. 

Jo 



Example 13.3. For n e N 



(13.5) { i„r(„ = ^ g <zi)! ( J +_L Q ,„ vs. 



/■^ 1 



Proof. Simply use ( |6.7| ), ( 13.1 ) and Wallis' formula 
(13.6) ' • ^ ■ ' 



□ 
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14. The case z positive 



In this section we extend some of the previous formulae to the case z e R+. 
Although the formulae of the previou s sect ions were derived under the assumption 
z < 0, so that the Fourier expansion ( 1.24[ ) could be used, they can be analytically 
extended to those positive values of z where the integral in question converges. This 
is so because the Hurwitz transform (1.27) defines an analytic function of z as long 
as the defining integral converges. For z > the only singularity of C(z, q) in the 
range < g < 1 lies actually at g = 0, where it behaves as . In fact, 



(14.1) 



C(z,g) = — + C(z,g+1), 
9 



with C(z, q) finite for q > 1- The relation ( 14.1 ) follows directly from the definition 
( pTll ) of the Hurwitz zeta function when Re z > 1 and can be extended to the whole 
punctured complex z-plane, C — {1}, for g > 0. 



Example 14.1. The formula (3.1C) derived in Example 3.5, namely 

Jo (1 - Z)m 

holds for real z < 1 if m equals one or an even integer, and for z < 2 otherwise. 



Proof. ^'^From ( 1.21 ) it is seen that near q — the Bernoulli polynomials behave as 

B„i{q) = B,n + mB,n-iq + 0{q^), to > 1. 

Thus, the integrand Bm{q)C,{z,q) behaves as q~^- or g^^^, according if B„i ^ or 
not. The result now follows from the fact that the singularity g^" is integrable for 



< a < 1. 



□ 



Example 14.2. The formula (3.5) derived in Example 3.2, namely 
»i 

C^(z, q)dq = 2r2(l - z)(27r)2^-2^(2 - 2z) 
holds for real z < 1/2. 



Proof. This follows directly from (14.1) and a reasoning similar to the proof of the 
previous example. □ 



In the rest of this section use integration by parts to derive formulas for integrals 
containing the function 



(14.2) 



Uz,q) ■.= C{z,q+l) = C{z,q)- ^, 

q 



which is finite in the closed interval [0, 1] for arbitrary z ^ \. 
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Theorem 14.3. Let / be n-times differentiable and z e M — {1,2,... ,n + 1}. 
Then 



(-1)" r f(n) 



(1 - z)n Jo 

Proof. Integrate by parts to produce 



f^">iq)Uz-n,q)dq. 



(14.4) / fiq)Uz,q)dq - ^^^ C(^-l)- 



1 



1 - z ' 1 - z 

1 

/'(g)C*(^-l,'?)'^'Z, 



1 - z 

which estabhshes the resuh for n — 1. Repeated integratfon by parts yields (14.3). 

□ 

We now apply this theorem to a few well chosen functions /. 



Example 14.4. Take f{q) = 1 and n = 1 in ( |14.3D . We get 
(14.5) / Uz,q)dq = 



z-1 
for z 7^ 1. 

Theorem 14.5. Let r G No and z e R - {1, 2, . . . , 2r + 2}. Then 
(14.6) / Uz-'2r-l,q)Uz,q)dq = 



2(1 + r-z) 

jE^^f^V^[c(--^-i)+c(--2r-i + fc)]. 



Proof. Take /(g) = C*iz',q) in (|l4^ ). We obtain 

f^'^\q)^{-lf{z%Uz' + k,q), 



SO that 



and 



Hence 



/W(i) = (-i)^-(^')fe[C(^' + fc)-i] 

/(fe)(0) = (_i)fe(/),C(z' + A:). 



1 /../\ /•! 



(14.7) / Uz',q)Uz,q)dq^ I Uz' + n, q) - n, q) dq 

(1 - z)„ 7o 

-E n f [C(^-fc-i) + C(^- + fc)~i]. 
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Now choose z' — z — n with n = 2?- + 1 . Then 

(z')„ = {Z- (2r + l))2,+ i = {-lf-+\l - Z)2r+l = -(1 - zhr+1, 

in virtue of the identity (z—j)j = (—I)-' (1 — z ), . M oreover, z' +n = z and z — n = z' 



Thus the integral on the r ight hand side of ( 14.7 ) is just the negative of the initial 
integral. The result ( |14.6| ) follows, since 



^ (z-2r-l)fe 



Example 14.6. The case r = in ( |14.6[ ) yields 

/■I 2C(z — 1") — 1 

(14.9) / U^-l,q)Uz,q)dq= ' 



□ 



JO 2(z-l) ■ 

This result can be obtained alternatively by noting that the integrand has a simple 
antiderivative, namely, 

(14.10) J C.{z-l,q)Uz,q)dq = -^^^—-^C{z-l,q). 



The expression (14.9) now follows from the evaluation 

(:Uz-l,q)\l^l-2az-l). 

Example 14.7. The cases {z — 5,r — 1} and {z — 5/2, r = 2} yield, respectively, 
(14.11) r U2,q)U5,q)dq- ^ ' ' ^^^^ 







6 24 360 6 



and 



(14.12) [' U-l<i)Ulq)dq = 1 + |C(-|) + f C(-f) 







3 2^ 

ioc(-i) + fC(i) + iC(|)- 



Theorem 14.8. Let n G No and z G R - {1, 2, . . . ,n + 1}. Then 

1 , Ciz-k-l) 



(14.13) / q''Uz,q)dq = — ^ + n!V(-l)'=- 



(n-fc)!(l-z)fc+i- 



Proof. Take f{q) ^ q" in (|l4.3D . Then 



Thus 



/(fe)(g) = —H—q^-'^ for fc < n, and f'^''\q) = for fc> 
(n — k)! 



/^'^(l)-rATTf°^^<"' and /(">(1)=1, 
[n — k)\ 

/W(0) = forfc<n, and /(")(0)=1. 
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Using (14.^) we have 



„1 n-l 
•^0 k=0 



, az-k-l)-l 



(n - fc)!(l - z)fc+i (l-z)„+i' 
The result now follows after using the identity 

(14.14) -'"^ ^ ' 



A:=0 



1 



(?! - fc)!(l - z)fe+i 1-z + n 



□ 



For n-2: + l>0we have ^dg = (1 - z + n) \ so ( |14.13D yields 

•^0 fc=0 



{n - fc)!(l - z)k+i 



which is exactly of the same form as the result ( 3.13 ) derived for the case z < 0. 
We can therefore combine both results as the following. 



Theorem 14.9. Let n e No and z e M such that n - z + 1 > 0. Then, 
(14.15) 



„1 n-l 

•^0 fc=0 



,fc C(^~fc-i) 

(n-fc)!(l-z)fc+i 



15. POLYGAMMA FUNCTIONS 

In this last section we evaluate the moments of the polygamma functions, defined 



as 

(15.1) 



dz 



-Tpiz), n e No, 



where tp^^^z) — V'(^) is the digamma function defined in (L 



The polygamma functions can be expressed in terms of the Hurwitz zeta function 
as (see [|4| , chapter 44) 

(15.2) ^p'^"'\q) = {-l)"'+^m\C{m + l,q) m = l,2,... 
and 

(15.3) V(9) = lim ^-C(^,<z) 



Z-1 



SO the integrals given in Section |l^ reduce to integrals involving ■0*^")(z) when the 
variable z is made to approach a positive integer. 

Theorem 15.1. Let n, m G N with n > m. Then 
(15.4) 



q^^//"^\q)dq={-iy 



{n — m)\ 

n— rn — 1 

+ E (-1 



m-2 



7 T{m — k)C,{m — k) 



n — m+1 ^ ' ^— ^ {n — k)\ 

[HkC{-k) + C{~k)] 



k=0 



n — m 
k 
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Proof. We compute the limit as z — > m + 1 in Theorem 14.9. Substitute z = 
m+1 — ein (14.15) and let e ^ 0. We encounter two types of singularities as 
e ^ 0: one corresponding to the pole of ^(s) at s = 1, for k = m — 1, and the 
other corresponding to the vanishing of the Pochhammer symbol {—m)k+i, for 
k = m,m+l, . . . , n— 1. To derive (15.4) consider the Laurent expansion of (14.15) 
about £ = up to order e*^. The following expansions are employed: 



(15.5) 



C(l-£) = -+7 + 0(£), 

e 

C(-^ - e) - a-r) - eCi-r) + 0(e), r = 0, 1, 2, . 



r(m + l)_£ii_il- = 1 + H,ne + 0(e), 



r(m + 1 



r(m + 1 -e) 
r(-r-e) (-1)''+! 



r(m + 1 - e) 
A direct calculation yields 



(-1) 



Hm — Hr 



1 



+ 0{e), r = 0,l,2,. 



{n - ky.{l - z)k+i 
and, for r = 0, 1,... ,rt — m — 1 

(-1) 



z—m-\-l—6 
k—m — 1 



m\{n ^ m — 1)! 



H,n - 7 



{n-ky.{l- z)k+i 



(-ir 



z—7n-\-l—€ 
k—m-\-7' 



m\r\{n — m + r)! 
Ci-r) 



The coefficient of the singular term 1/e is 

71 — T71 — 1 



1 



m!(n — m)! 



1 



n — m + 1 



r=0 



n — m 



a-r) 



which vanishes in view of the identity 



(15.6) 



r=0 



J + 1 

r 



J + 2 



The rest of the terms can b e col lected to yield ( |l5.4| ), after multiplying by the 
overall factor (-l)'"+im! in ( |l5.2| ). □ 

Along similar lines, we can use relation ( |15.3| ) to prove the following result. 
Theorem 15.2. For n e N, 

(15.7) / g"V(g)dg-C'(0) + E(-i)'U [^fcCM) + C'(-fc)]- 

Proof. Theorem 14.9 and ( 15.3 ) yield 



q^'''ip{q)dq = lim 

2— >i 



lim 



1 



z^l Z - 1 



z~ 1 

1 

n+1 



dq 



+ C{z-l)+n\J2 



(-i)^C(^-fc-i) 

(n-fc)!(2-z)fc 
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and (15.7) follows by rHopital's rule. 



□ 



16. Conclusions 

We have evaluated a series of definite integrals whose integrands involve the Hur- 
witz zeta function. 



Most of the formulae involving elementary functions and Inr(g) can be consid- 
ered to be special cases of Theorem 3.1, in view of the relations ( [1.19 ), (6.7) and 
( |l.36| ), the latter written in the form 



(16.1) 



lnr((/) + lnr(l — q) = Iutt — InsinTrg, 



which respectively relate the Bernoulli polynomials, the logarithm of the gamma 
function and thus also the function InsiuTrq to C(z, q) in a linear way. 
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